We work on the Lagrangian and the Hamiltonian formulations of the Palatini action. In the Lagrangian formulation, we find that we need to assume the metric compatibility and the torsion zero or to assume the tetrad compatibility to describe General Relativity. In the Hamiltonian formulation, we obtain the Einstein's equations only with assuming the tetrad compatibility. The Hamiltonian from assuming the metric compatibility and the torsion zero should be used to quantize General Relativity.
Introduction
The tetrad and the internal connection formulation of General Relativity has been studied more than 30 years, yet it is still obscure what should be assumed beforehand and what are derived afterward from the Euler-Lagrange equations in the beginning Lagrangian formulation of this program. In this paper, we clear this up once and for all. This makes the Hamiltonian formulation more interesting than previously known.
We derive the Palatini action from the Einstein-Hilbert action. From the variational principle, we find that varying the connection, we have the compatibility condition of the connection with the tetrad when we assume the metric compatibility and the torsion zero conditions. Varying the tetrad, we have the Einstein equations. When the torsion is not zero, varying the connection gives us the torsion zero condition if the connection is compatible with the tetrad. In the Lagrangian formulation, we find these two approaches to describe General Relativity, which we apply to the Hamiltonian formulation.
We perform the Legendre transformation and obtain the Hamiltonian. There are 2nd class constraints. From the lesson above, we solve these and obtain the scalar, vector and Gauss constraints.
In the first approach of the metric compatibility and the torsion zero conditions, the Hamiltonian equations of motion are different from the Einstein's equations. In the second approach of the tetrad compatibility condition, the Hamiltonian equations of motion become the Einstein's equations after solving the Gauss constraint. * scyoon@kunsan.ac.kr
In section 2, we introduce Riemannian geometry [1] . Spacetime and spatial tensor indices are denoted by the alphabet a, b, · · ·, while internal indices are denoted by the alphabet i, j, · · · for 3-dimension and I, J, · · · for 4-dimension. The signature of the spacetime metric g ab is taken to be (− + ++).
Connection and Torsion
Consider a 4-dimensional manifold M , and let V be a 4-dimensional vector space with Minkowski metric η IJ having signature (− + ++). A tetrad at p ∈ M is an isomorphism e a I (p) : V → T p M and can act on tensors. For example
The inverse of e a I will be denoted by e I a . It satisfies
Spacetime tensor fields with additional internal indices I, J, · · · will be called generalized tensor fields on M . Spacetime indices are raised and lowered with the spacetime metric g ab ; internal indices are raised and lowered with the Minkowski metric η IJ .
A generalized derivative operator obey the linearity, Leibnitz rule, and commutativity with contraction with respect to both the spacetime and the internal indices. We require that all generalized derivative operators be compatible with η IJ . If ∂ a is a derivative operator, then any other generalized derivative operator D a is defined by a pair of generalized tensor fields A c ab and w J aI :
From D a η IJ = 0, we obtain
If D a g bc = 0,
where Γ c ab is the Christoffel symbols,
and T c ab is the torsion,
which measures the failure of the closure of the parallelogram made up of small displacement vectors and their parallel transports [2] and the non-commutativity of the derivative operator on a scalar field f such that
If T c ab = 0, just as a compatibility with a spacetime metric g ab defines a unique, torsion-free spacetime derivative operator, compatibility with e a I defines a unique torsion-free generalized derivative operator ∇ a defined by ∇ a e bI ≡ ∂ a e bI + Γ c ab e cI + w K aI e bK = 0.
Whether the torsion is zero or not, the compatibility condition gives
In this case, w J aI is the spin connection. It is related to the spacetime geometry and has informations about the torsion and the curvature.
In the notation of differential form, the torsion is defined as
which means
In Riemannian geometry, (10) 
For the zero torsion, we can write w 
From these
and (16)
Here [w a , w b ]
. For the non-zero torsion, we have an additional term from the torsion to keep the linearity of the curvature tensor [3] 
We denote internal and spacetime curvature tensors of the unique torsion-free generalized derivative operator ∇ a by R J abI and R d abc . From (14) and (15), we can see that they are related by
3 Palatini theory: Lagrangian formulation
The Einstein-Hilbert action is
and
abcd is the Levi-Civita tensor density of weight 1 and
which relates the volume element ǫ abcd of g ab to the volume element ǫ IJKL of η IJ . The Einstein-Hilbert action in terms of a co-tetrad e (3), we obtain the 3+1 Palatini action based on SO(3, 1):
An additional factor 1/2 which will not affect the Euler-Lagrange equations of motion is included for the Hamiltonian formulation. With
the Palatini action is
√ −g is the determinant of a metric g ab , which is the determinant of e . Stokes's theorem holds for a torsion-free derivative operator on a orientable manifold and Gauss's theorem holds when the metric compatibility condition is satisfied once a volume element is chosen by a metric. Because great care must be taken to apply the variational principle without D a g bc = 0 or the torsion zero condition, let's work on a simple model first:
If D a g bc = 0 and T c ab = 0,
where we used the formula:
Note that the first equality holds also for D a and we have
Generally without assuming D a g bc = 0,
Let's see what we have when we vary R a . From δS = 0, we have
where we used δR a = 0 on the boundary. Note that the second term does not disappear as in (32).
If T c ab = 0, we have
We can see that integration by parts works for D a when T 
For w IJ a , we need the following formula:
We can see immediately that the variational calculations of the Palatini action (27) with respect to
are very similar to those of our simple action (28).
If we assume D a g bc = 0 and T 
Multiplying e I b ,
With C bJK + C bKJ = 0, we have
With index substitutions 
If [6] . With these two conditions, geodesic is a extremal length between two spacetime points, which is related to the Principle of Equivalence. On the other hand, assuming D a e b I = 0 is based on Riemannian geometry. It is straightforward to check that our results also hold for the Holst action [7] .
Palatini theory: Hamiltonian formulation
Before working on the Hamiltonian formulation of the Palatini action, let's discuss the equivalence of the Lagrangian and the Hamiltonian formulation. To construct the Hamiltonian, we define the momentum variable p i from the Lagrangian L(q i ,q i ):
We obtain the Hamiltonian with the Legendre transformation:
With this, we obtain the Hamiltonian equations of motion:
The Euler-Lagrange equations are equivalent to the Hamiltonian equations when (47) is equivalent to (49). In the Palatini action, the independent variables are e Let's work on the Hamiltonian formulation of the first approach. To perform the Legendre transformation, we introduce a foliation {Σ} in space-time and a time-like vector field t a whose integral curves intersect each Σ of the foliation precisely once. Let n a denote the unit normal to the foliation.
We can then decompose the time-evolution vector field t a normal and tangential to the foliation:
The function N is called the lapse function and the vector field N a is called the shift vector [9] . Given 
where
The action becomes:
Note that all a, b · ·· are spatial and now F
IJ ab
in (54) is the curvature tensor of D a . To further simplify the action, we definẽ
Because there is not much confusion, we keep usingẼ forẼ a IJ . With this
where we have used that E a I n I = 0. In this way, the action becomes:
where we used the the fact that the torsion zero condition in 4-dimension makes the torsion in 3-dimension vanish.
We can see that w They serve as Lagrange multipliers. Variation of the action with respect to these fields yields the constraints:
The Hamiltonian up to surface terms is
There are second class constraints in this formulation. Not allẼ a IJ are independent and we have a primary constraint
which is obvious from (56). All Poisson brackets between constraints vanish weakly except one between H s and φ ab [10] . The secondary constraints from this is
L . The Poisson bracket between χ ab and the total Hamiltonian vanishes weakly, and
Thus we do not have any more constraints and φ ab , χ ab are the second class constraints. Now how to solve the second class constraints? We have learned from the Lagrangian formulation of the Palatini theory that we need the tetrad compatibility condition to have the Einstein Equation.
For the Hamiltonian formulation, we break 4-dimensional diffeomorphic covariance to 1+3, but we still have 3-dimensional covariance. Therefore we might guess that the 3-dimensional triad compatibility condition can solve the 2nd class constraints. We will see that this turns out to be the case.
To solve (64), we fix n I by ∂ a n I = 0. This makes an internal vector field n I become an internal vector, which means we break 4-dimensional internal covariance to 3+1. With this,Ẽ a IJ has 9 degrees of freedom fromẼ a I . To make w IJ a also have 9 degrees of freedom, we also request
because (64) has only 6 components, which are equations of w 
This is possible from the metric compatibility assumption. (64) and (66) 
where Γ class constraints, we have 2 degrees of freedom [9] .
Finally let's write down the 7 first class constraints with this pair. It is straightforward if we write down F IJ ab using (68):
where R denotes the scalar curvature of D a which is the unique torsion-free derivative operator compatible with E a i . We will call (70), (71), and (72) the scalar, vector, and Gauss constraints. If 4 D a e b I = 0, −K ab is an extrinsic curvature:
Because K ab = K ba , G ij = 0 is automatically satisfied. In this case, (70) and (71) Suppose we start with the metric compatibility, the torsion zero and the 3-dimensional triad compatibility conditions with fixing n I . Then there is no 2nd class constraint. This method can be applied to the Holst action and we obtain the phase space variables and the constraints of Loop Quantum Gravity, which are originally derived by the canonical transformation from (K i a ,Ẽ a i ) [11] . So far we have solved the second class constraints assuming the metric compatibility and the torsion zero with fixing n I . The other approach is to assume the tetrad compatibility condition. Here more second class constraints come from (36), which are solved by the torsion zero on Σ. We can solve (64) with a more covariant way directly from our assumption 4 D a e b I = 0 with some care because 
which is not zero, andK ab is the extrinsic curvature. Therefore we need to use
It is straightforward to check that (75) solves (64):
Furthermore only q
As we mentioned, φ ab = 0 automatically by our construction.
Now we have 7 first class constraints. In the same way as the first approach, we fix n I by ∂ a n I = 0. 
where R ab is the Ricci tensor on Σ and we impose the triad compatibility condition after functional derivatives.
Conclusion
In the Lagrangian formulation of the Palatini action, we found that there are two approaches to describe General Relativity. One is to assume the metric compatibility and the torsion zero conditions and the other is to assume the tetrad compatibility condition. In the Hamiltonian formulation, we found that only the second approach describes General Relativity. This is the metric description which is very hard to quantize.
In the first approach of the metric compatibility and the torsion zero assumptions, the time evolution of the tetrad is different from that of General Relativity. This is a very unexpected result.
We do not know whether this has any meaning classical mechanically because General Relativity is a established theory with experiments.
We will see what it means to quantized General Relativity with this modification.
